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Introduction

E XISTING linear k– and k– turbulence closure models are
incapableof describingwall boundedandfreeshear� ows using

one set of model constants and boundary conditions. It is generally
agreed that the problem with existingmodels comes from the length
scale determining equation or . The reason for this can be traced
to the fact that these equations were developed for high-turbulence
Reynolds numbers Ret but are being employed in situationswhere
turbulence Reynolds number is low.

For most turbulent shear � ows, the turbulence Reynolds number
is typically large enough that one can assume the small scales to
be nearly independent of the large scales and, thus, their dissipa-
tion rate is isotropic. If one makes this isotropy assumption, the
terms in the exact dissipation equation that depend on the mean
� ow can be neglected. However, for most shear � ows, the turbu-
lence Reynolds number varies from very large values in the bulk of
the � ow to very small values near walls and outsideof the boundary
layer. For regions of low turbulence Reynolds number, the small
scales of turbulence are weakly dependent on the large scales and,
therefore,on the mean � ow. Because of this, terms appearing in the
exact dissipation equation that depend on the mean � ow cannot be
neglected.

The preceding considerations were the basis of a new two-
equation model.1 Instead of modeling the exact equation for dis-
sipation, attention was focused on the enstrophy or the variance of
vorticity equation.2 The model developed in Ref. 1 was used to de-
scribe free shear layers (wakes, jets, and mixing layers). A single set
of model constants was used in all calculations (Table 1). Excellent
predictions of growth rates, shear stress, and velocity distributions
were obtained. The object of this work is to use the same set of
model constants developed in Ref. 1 to study wall bounded � ows.
The implementation of the model will proceed in two stages. In
the � rst, the model is implemented in a boundary-layer code,3 and
the results are illustrated by calculating a � ow past a � at plate and
its wake. This calculation, which is relevant to the calculation of
multielement airfoils, was attempted earlier using a k– model4 5;
however, predictionsfailed to reproducecorrect growth rates. In the
second, the model is implemented in a Navier–Stokes code 6 and the
results are illustrated by calculating attached � ows past airfoils.
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Analysis
The k and equations used are the same as those used in Ref. 1.

Two adjustmentswere made in themodel to accommodatenear-wall
behavior.The � rst pertains to the dissipation term in the equation.
The turbulence timescale k cannot be less than Kolmogorov’s
timescale. To enforce this, the dissipation term now has the form
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For the results presented here, 0 1.
Under high-turbulence Reynolds number conditions, the eddy

viscosity is given as

t C k2 C 0 09 (2)

In wall bounded � ows, the eddy viscosity and the turbulence
Reynolds number are both zero at the wall; therefore, the preceding
expression is traditionally multiplied by the function f . There is
no unanimity on the form of f in the near-wall region.7 Recent
implementations such as that of Speziale et al.8 employ a function
that depends on both turbulence Reynolds number and y , where
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where is the wall shearing stress. Because separation may take
place in the presence of adverse pressure gradients, a different rep-
resentation that does not require y is employed. The resulting ex-
pression is given as
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where
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The boundary conditions for the two-equation model are

k 0 k 3
2

U 2 (6)

and
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where is the turbulent intensity ( 1%) and is determined by
specifyinga freestreamratio of t along with k . The term has
no physicalboundarycondition,and Eq. (7), in conjunctionwith the
k equation, will be used to determine . From the k equation1
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with
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In the preceding equations, the subscripts and designate
freestream and wall, respectively, and 1 and 2 designate the � rst
and second points off the wall.

109



110 AIAA JOURNAL, VOL. 36, NO. 1: TECHNICAL NOTES

Table 1 Model constants

Constants C 3 4 5 6 7 8 1 k 1

k– 0.09 0.40 0.35 0.42 2.37 0.10 0.75 2.30 2.00 1.80 1.46

Fig. 1 Near-wall behavior of enstrophy and dissipation rate.

Fig. 2 Streamwise variation of wake half-width.

Results
There are a number of tests a turbulence model must meet to be

considered a successful model. First and foremost, it must predict
thecorrectskin-frictionandpressurecoef� cientsandothernear-wall
measurements7 of shearing stress, kinetic energy, and dissipation.
Second, it must predict the correct growth rate, asymptotic shearing
stress distribution, and velocity in the far wake. Finally, it must
predict the correct B constant in the expression for the velocity in
the log-law region and the manner in which k varies with y in the
near-wall region (see Table 4.5 in Ref. 9).

Only limited results are presented here, with other results avail-
able in Ref. 10. Results obtained using a boundary-layercode used
between 101 and 201 points in the y direction. Results presented
here,which are grid resolved,employed201 points.In general,good
agreement is indicated with experiment and direct numerical simu-
lation (DNS).11 The only exception is shown in Fig. 1, which shows
a plot of and vs y in the near-wall region where

2 U 4 U 4 y U y (9)

Also shown is theaverageof availabledata7 togetherwith Laufer’s12

experimentalmeasurements.The DNS datashow that the maximum
of occurs at the wall. It is not clear which modeled term is
responsiblefor the indicatedbehavior; in all probabilitya collection

Fig. 3 Pressure distribution for NACA 0012 airfoil: M = 0 502,
Re = 2 91 106 , and = 2 06.

of terms is responsible for the discrepancy. Note that the relation
between and follows from the k equation10 as
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where the approximation is for the near-wall region.
In general, good agreement with experiment is indicated in the

wake region.10 Typicalof the resultsare thoseshown in Fig. 2, which
shows the wake half-width b as a function of x , where is the
momentum thickness.The experimental results were obtained from
Pot13 and from Weygandt and Mehta.14

The � nal comparison (Fig. 3) shows a Navier–Stokes calculation
of pressure coef� cient C p for a NACA 0012 airfoil at a Mach num-
ber of 0.502 and an angle of attack of 2.06 deg. The experimental
results are obtained from Ref. 15. Grid convergence studies were
conducted.The results shown employeda grid of 301 101. Again,
good agreement with experiment is indicated.

Conclusion
In conclusion, it has been shown that the k– model can be used

for both wall bounded and free shear � ows using one set of model
constants.The model correctlypredicts the spreadingrate of a wake,
a result that is important for calculationsinvolvinghigh-liftdevices.
Further, the same model can be incorporatedinto either a boundary-
layer or a Navier–Stokes code.
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Introduction

T HE process of transition from laminar to turbulent � ow re-
mains one of the most important unsolved problems in � uid

mechanics and aerodynamics. Transitional � ows are characterized
by increased skin friction and heat transfer, and the accurate deter-
mination of heating rates and drag critically depends on the ability
to predict the onset and extentof transition.However, no mathemati-
cal model exists that can accuratelypredict the locationof transition
under a wide range of conditions. Design engineers resort to meth-
ods that are based on either empirical correlationsor linear stability
theory.

The en method is currently the method of choice for determining
transition onset. The method is based on linear stability theory and
generally requires the following steps.

1) Mean � ow must be precalculatedat a large number of stream-
wise locations along the body of interest.

2) At each streamwise station, a local linear stability analysis is
performed. By assumptions of the linear theory, the unsteady dis-
turbances are decomposed into separate normal modes of different
frequency. The stability equations are solved for the spatial ampli-
� cation rate of each unstable frequency.
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3) An amplitude ratio for each frequency is then calculated by
integrating the spatial ampli� cation rate in the streamwise direction
on the body, i.e.,

A

A0

x

x0

i dx (1)

4) The n factor is then determined by taking the maximum of the
just calculated quantity at each streamwise location.

The major problemwith theen method is that the n factordoesnot
represent the amplitude of a disturbance in the boundary layer but
rather an ampli� cation factor from an unknown amplitude A0 . The
amplitude A0 represents the amplitude of a disturbanceof speci� ed
frequency at its neutral stability point. Its value is related to the
external disturbanceenvironment through some generallyunknown
receptivity process. As a consequence, the value of n that deter-
mines transition onset must be correlated to available experimental
data.1 Additionally, the en method requires the use of several com-
putational tools such as a boundary-layer or Navier–Stokes � ow
solver to calculate the mean � ow and the linear stability solver to
determine the ampli� cation rates.2 Methods based on the nonlinear
parabolized stability equations3 (PSE) are being used to determine
transition onset but they have not received the wide acceptance en-
joyed by the en method. Methods based on the PSE also require
precalculation of the mean � ow and speci� cation of initial condi-
tions such as frequency and disturbance eigenfunctions. Methods
based on linear stability theory only provide an estimation of the
locationof transitionand can provideno information about the sub-
sequent transitional and turbulent � ow.

In this work, a different approachhasbeendeveloped,which does
not require precalculation of the mean � ow or the speci� cation of
frequencies.It determinesthetransitiononsetandcalculatesthelam-
inar, transitional,and turbulent regions in a single computation.The
approach employs a two-equation model similar to that employed
in turbulent calculations. It is based on the premise that, if a � ow
quantity can be written as the sum of a mean and a � uctuatingquan-
tity, then the exact equations that govern the � uctuations and their
averages are identical irrespective of the nature of the oscillations,
i.e., laminar, transitional, or turbulent. Moreover, if it is possible to
model the equations governing the mean energy of the � uctuations
and their rate of decay (or other equations) in such a way that one
does not appeal to their nature, then the resulting model equations
will be formally identical. However, the parameters that appear in
the modeled equationswill dependon the nature of the � uctuations.
As an illustration, let us assume that we employ a Boussinesq ap-
proximation to model the stresses resulting from the � uctuations,
i.e.,
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and where is the density, Ui is the mean velocity, i j is the Kro-
necker delta, and t is the coef� cient of viscosity brought about by
the presence of � uctuations. The form indicated in Eq. (2) is used
for all � uctuations, but the expressions for t are quite different
because the physics governing them is different.

The present approach is developed in conjunction with the k–

turbulence model of Robinson et al.4 Details of the approach are
given in Ref. 5. To explain its nature, the modeled k-equation is
written as5
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where t t and is the molecular kinematic viscosity.As may
be seen from Eq. (3) and Refs. 5 and 6, to close the model one needs


